Over the past decade, fundamentals of time independent density functional theory for excited state have been established. However, construction of the corresponding energy functionals for excited states remains a challenging problem. We have developed a method for constructing functionals for excited states by splitting k-space according to the occupation of orbitals. In this paper we first show the accuracy of kinetic energy functional thus obtained. We then perform a response function analysis of the kinetic energy functional proposed by us and show why method of splitting the k-space could be the method of choice for construction of energy functionals for excited states.
I. INTRODUCTION
Time-dependent density functional theory (TDDFT) is now a standard tool for calculating excited-state energies. Simultaneously parallel efforts have always been made to develop time-independent excited state density functional theory (DFT). These include work of Ziegler et al.
[1], Gunnarsson and Lundqvist [2] , von Barth [3] , Perdew and Levy [4] , Pathak [5] , Theophilou [6] , Oliveira, Gross and Kohn [7, 8] , Nagy [9] , Sen [10] , Singh and Deb [11] . Formal development [12] [13] [14] [15] akin to ground-state density functional theory, however, is more recent. A challenging problem in excited state DFT is the construction of excited state energy functionals. Without such functionals, there is no option but to use the existing ground state energy functionals for excited states also. In such a case, the only way any information about the excited state can be put into energy is through the density alone [3, 16] . However, employing ground state functionals for excited states is both qualitative incorrect as well as numerically inaccurate [17] [18] [19] . Thus there is a need for development of appropriate excited-state energy functionals.
Starting point for most of the ground state functionals has been the local-density approximation (LDA). Building on this, GEA [20, 21] and GGA [22, 23] are further constructed.
Thus for excited states too one would like to first develop an LDA functional and then improve upon it by including gradient corrections. In the past, we have proposed a systematic method of constructing LDA functionals for excited states. This is done by splitting the k-space according to the orbital occupation of a given excited state [15, 17-19, 24, 25] . For example, in Figure 1 we show an excited state where some orbitals (core) are occupied, then some orbitals are vacant followed by orbitals that are occupied (shell). The corresponding k-space, also shown in Figure 1 , is constructed according to the orbital occupation such that it is occupied from 0 to k 1 , vacant from k 1 to k 2 and again occupied from k 2 to k 3 where k 1 ,
Orbital occupation of electrons and the corresponding k-space occupation for an excited state (Core-Shell) configuration similar to that of homogeneous electron gas (HEG).
and the shell orbitals. Further,
where first n 1 orbitals are occupied, n 1 + 1 to n 2 are vacant followed by occupied orbitals from n 2 + 1 to n 3 . The total electron density ρ(r) is given as
with ρ 1 = ρ c , ρ 2 = ρ c + ρ v and ρ 3 = ρ c + ρ v + ρ s . Approximate non-interacting kinetic energy functionals for such excited-states are constructed using the ground state energy functionals. Thus while up to second order in ∇ρ, the ground state non-interacting kinetic energy is approximated as
where
Results obtained with these excited-state functionals for excited-states are far superior [19] to those calculated with the use of the ground-state functionals . The method is quite general and is easily extended to excited state with more than one gap. For example, consider an excited state with two gaps with the orbital occupation of electrons shown in Figure 2 .
The corresponding split k-space is occupied from 0 to k 1 , from k 2 to k 3 and from k 4 to k 5
(core-shell-shell structure). For these excited states, the kinetic energy functional up to the second order is
These functionals for spin-compensated systems (unpolarized) are easily generalized to their spin-density counterparts by writing where ρ ↑ and ρ ↓ denote the density of the up and the down spin electrons, respectively.
Results obtained with these functionals for two-gap excited states are shown in Table I, where we compare the excited kinetic energies calculated using (8) and (9) (8) and (9) is the one obtained from the same Kohn-Sham calculations as done for exact kinetic energy. Also shown in Table I are the corresponding energies calculated from the ground state kinetic energy functional T (0) and its gradient correction T (2) . As is evident from the table, the ground state based functionals underestimate the exact kinetic energies by a large amount whereas the proposed functionals reduce the error significantly.
This points to the correctness of physics invoked to construct the functionals.
Similarly, the functional can also be applied to the shell-shell structure where the lowest energy orbitals are empty, and the next orbitals are occupied followed by some empty orbitals and again orbitals are occupied. The corresponding excited state functional is obtained by substituting ρ 1 = 0 in equations (8) and (9) . This kind of excited states is quite interesting because the error of ground state kinetic energy functionals in these is very large. This is shown in Table II . On the other hand excited state functionals of equations (8) and (9) again give energies which are far superior as is evident from Table II .
Finally we mention that we have also included the fourth order correction in a manner similar to above. The results obtained with the second-order do not change much with the inclusion of the fourth order.
II. RESPONSE FUNCTION ANALYSIS
With this accurately constructed functionals based on writing the energy functional E in
is necessary to write the energy functional in terms of ρ 1 , ρ 2 , ρ 3 or can it be written in terms of the density ρ = (ρ 1 −ρ 2 + ρ 3 ) directly. Simple answer is that for homogeneous electron gas this cannot be done because the density for the ground and any excited-state of the system is the same. Thus information about the excited state cannot come from density alone as also suggested by the bi-functional nature [12] of excited state functionals. In this paper, we demonstrate more rigorously through response function analysis that excited-state energy functionals cannot be written in terms of ρ(r) alone. We show that if we try to write the GEA for kinetic energy using total ρ = (ρ 1 − ρ 2 + ρ 3 ), it leads to kinetic energy density that diverges. We conclude that although it may be possible to write excited energy functional in terms of the corresponding density for inhomogeneous systems in some other ways, it is most easily done if we instead employ the densities ρ 1 , ρ 2 , ρ 3 as done above.
In the following, we first obtain the response function of non-interacting homogeneous electron gas and expand it to construct the kinetic energy functional correct up to the secondorder in ∇ρ(r). We then show that the correction grows exponentially in the asymptotic regions of a finite system.
Suppose one could write the kinetic energy for an excited state of a homogeneous electron gas as T * (0) [ρ]. The system is now made slightly inhomogeneous through a perturbation V ext (r). The corresponding kinetic energy up to the second order is obtained by expanding kinetic energy in density changes and is given as [26] [27] [28] ,
In the Fourier space, the total energy of the system, using ρ(q) = ∆ρ(r)e −iq·r dr, is
where K(q) is the Fourier transform of K(|r − r ′ |). Making the energy stationary with
, where χ (0) (q) is the response function of non-interacting homogeneous electron gas obtained using perturbation theory and is given as
where ε
and V is the volume over which periodic boundary conditions are applied.
The response function above for excited state corresponding to Figure 1 is given in a simple way as
where χ 0 G (k; q) is the response function for the ground state with Fermi wave vector k and is given as
Expanding χ (0)
to order q 2 leads to the second order correction for kinetic energy. For excited states, small q-limit gives
The excited state kinetic energy functional is then obtained by substituting K(q) in (11), so that
The second term in the expression above is identified as
of functional T * (0) of equation (6) . It is clear from the above that it cannot be written in terms of ρ = ρ 1 − ρ 2 + ρ 3 alone. To check its correctness if we let k 1 = k 2 and k 3 = k F , this term goes over to
of functional T (0) s of equation (4) for the ground state. The third term above gives the gradient correction to the kinetic energy up to the second order in ∇ρ. Upon substituting k 1 = k 2 and k 3 = k F this also goes correctly over to 1 72
dr, the gradient correction for the ground state. However, for excited states, this term is not well behaved for r → ∞. In this limit, similar to ground state [29] [30] [31] densities, excited-state density also varies [32] as ρ(r) ∼ exp −2 √ −2 ε max r where ε max is the highest occupied orbital energy. Hence
(−2ε max ) 1/2 r . For excited states k 1 < k 2 < k 3 so the gradient term in asymptotic limit is proportional to
. In terms of orbital energies ε 1 , ε 2 , ε 3 corresponding to k 1 , k 2 and k 3 , shown in Figure 1 , this is given by exp
, the gradient term diverges in the asymptotic limit for |ε 1 | > 16|ε 3 | if we insist on expanding the kinetic energy functional in terms of the density. This diverging behavior of the kinetic energy density is also an explicit demonstration of the lack of Hohenberg-Kohn theorem for excited states [33] . Thus additional input is needed [34] if one wishes to employ excited state density for calculation. As shown by our results in the beginning of the paper, this is done easily by dealing with ρ 1 , ρ 2 and ρ 3 separately right from the beginning. Indeed, the exchange energy functional constructed in a similar manner also leads to accurate results for excited state energies [15, 17, 24, 25] .
III. CONCLUDING REMARKS :
Exchange and kinetic energy LDA functionals constructed by splitting k-space for homogeneous electron gas have been shown to be accurate in the past. Analysis of the kinetic energy functional based on the response function of an excited-state of HEG suggests that it is not possible to construct LDA functionals that are dependent on excited state density alone. Splitting the k-space and working with the corresponding core and shell densities separately thus provides a method of constructing density functionals for excited states and may pave the way to ground-state like density functional calculations for excited-states too. (4) and (5)) and those obtained from T * (0) and T * (0) +T * (2) (equations (8) and (9) (4) and (5)) and those obtained from T * (0) and T * (0) +T * (2) (equations (8) and (9) 
